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Abstract. We consider the one-dimensional heat and wave equations but - instead of boundary conditions — 
we impose on the solution certain non-local, integral constraints. An appropriate Hilbert setting leads to an 
integration-by-parts formula in Sobolev spaces of negative order and eventually allows us to use semigroup theory 
leading to analytic well-posedness, hence sharpening regularity results previously obtained by other authors. In 
doing so we introduce a parametrization of such integral conditions that includes known cases but also shows the 
connection with more usual boundary conditions, like periodic ones. In the self-adjoint case, we even obtain the 
so-called Weyl formula for the eigenvalue asymptotics. 

1. Introduction 

Several problems in the applied sciences are modelled by partial differential equations on domains that, as 
such, require the modeller to impose some assumption on the sought-after solution in order to obtain well- 
posedness in some function space. Typical are, of course, boundary conditions like Dirichlet or Neumann ones. 
However, in many physical problems certain different constraints are natural: for example, all equations that 
are derived from conservation laws - like the Cahn-Hilliard equation or the Navier-Stokes equation - admit the 
conservation of a certain physical quantity (e.g. mass, barycenter, energy, or momentum) and it is natural to 
wonder whether already these minimal constraints suffice to obtain well-posedness, at least for a special choice 
of the initial conditions. While this idea seem to be widely applicable, in this paper we restrict for simplicity to 
both the heat and the wave equations on an interval. Instead of usual boundary conditions on the solution u, 
we investigate the role of non-local, integral conditions like 

(1.1) / u{t,x)dx = 0, t>0, 

Jo 

This amounts to imposing that the moment of order (corresponding e.g. to the total mass, in the case of a 
diffusion equation for which u denotes the relative density of a mixture) vanishes identically. A heat equation 
complemented by the above condition has been introduced by J.R. Cannon in |llj . where well-posedness was 
investigated by methods based on abstract Volterra equations. While Cannon's work has received much attention 
by numerical analysts, it has gone largely overlooked by the PDE community, with some notable exceptions 



(cf. [m [351 [33] ^nd the references therein to earlier soviet literature). The fact that (1.1) only eliminates one 
degree of freedom still forced Cannon and later investigators to impose a local (say, Dirichlet) condition in one 
of the endpoints. 

More recently, it has been observed that the local condition in or 1 may be dropped and replaced by another 
condition on the moment of order 1 , like 

(1.2) / (1 - 2;)M(i, x)dx = 0, t>0. 



Wave and heat equations with (generalizations of) conditions (1.1 1 and (1.2) have been intensively studied by 
A. Bouziani and L.S. Pul'kina in a long series of papers that seems to begin with [ST] and [5]. In [S], a condition 
on the moment of order 2 is discussed. In fact, over the last 20 years Bouziani, Pul'kina and their coauthors 
have discussed a manifold of hyperbolic, parabolic and pseudoparabolic equations with such conditions, mostly 
by numerical methods. Among others, in [71[ini[2n] several weaker well-posedness results for related parabolic, 
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hyperbolic or pseudoparabolic equations have been obtained by different methods. Semigroup theory has never 
been apphed, to the best of our knowledge, but we emphasize that non-local conditions related to those considered 
by Pul'kina also appear in the theory of Feller semigroups (see e.g. [3U Chapt. 13]). It should be mentioned that 
a few tentative extensions of the above conditions for heat or wave equations on higher dimensional domains 
have been proposed in the literature, cf. [27l |32]- However, finding an abstract general setting still seems to 
be an open problem. An extensive list of papers dealing with these or similar conditions can be found in the 
introduction on [T7]. 

The main goal of this article is to provide an abstract framework - as general as possible -for studying the 
one-dimensional heat or wave equation with integral conditions by means of semigroup theory. It turns out 
that, for the spatial operator we are considering, the associated diffusion equation is the gradient flow of a very 
simple functional - up to lower order terms, it is in fact simply the L^-norm - with respect to some 7J~^-type 
inner product. This is not surprising: for example, it is well-known that the gradient flow associated to the 
L^-norm with respect to the iJ~^(0, l)-inner product is the porous medium equation with Dirichlet boundary 
conditions. Also the observation that replacing H~^{0,1) by H~^{T) permits to realize the diffusion equation 
with integral conditions as a gradient flow is not entirely new: for example, it is implicitely used in several articles 
by F. Otto (see e.g. [22]) to discuss some modifications of the Cahn-Hilliard equation. However, by some direct 
computations performed in Sections [s] and |4] it turns out that the iJ~^(r)-norm, although natural, gives rise to 



a gradient flow that agrees with the usual diffusion equation only in a suitable quotient space (see Lemma 2.4 
for details). This surprising fact seems to show that the usual second derivative is not suitable to be endowed 
with (nonlocal) moment conditions. Indeed, also the associated second order (in time) evolution equation is not 
the classical wave equation, but rather a non-trivial generalization that coincides with the usual one only for 
smooth initial data, cf. Theorem |3.9[ In the case of the heat equation, instead, this phenomenon can actually be 
overcome by invoking the smoothing properties of the analytic semigroups yielded by our approach. 

The main difficulty associated with our variational approach is that less regular functions suffer a dramatical 
deterioration of their properties when integrated by parts even against smooth functions. In turn, this yields 
that the evolution equation associated with the above mentioned gradient flow is, seemingly, an exotic parabolic 
equation with no evident physical interpretation, see e.g. Theorem |4.3[ In order to get rid of these effects, in all 
the above mentioned papers (see e.g. [Mill]) the initial data were assumed to have an artificially strong regularity 
(and the solutions were only shown to satisfy the equation in a weak sense) . Our semigroup approach allows us 
to avoid this problem and to obtain a classical solution even for rough initial data, cf. Theorems |3.7f|4?8l 



The paper is organized as follows. In Section [2] we introduce the basic notations and prove some technical 
lemmata along with an integration-by-parts-type formula that will prove quite useful, since we are forced to work 
in Sobolev spaces of negative order so that the usual Gaufi-Green formulae do not apply immediately. 

We further discuss a class of quasi-accretive extensions of the second derivative with non-local constraints, 
but due to technical reasons we have to tackle two subcases: the analysis of the corresponding parabolic and 
hyperbolic problems will be performed in Section [3] and Section |4j respectively. In fact, by introducing two 
parameters (a subspace Y of and a 2 x 2-matrix respectively) we are able to treat an infinite class of 
non-local constraints. 

In some particular cases, the spatial operator is even self-adjoint. In Section [5] we are able to describe the 
spectrum of several self-adjoint extensions of the "minimal" second order derivative, by more or less elementary 
techniques. We can even show that, suprisingly, the so-called Weyl formula is still valid for this class of operators. 

We end up with some direct extensions of our results to the case of dynamic integral conditions, see section [6] 
which in turn by known semigroup theoretical methods allow to treat inhomogeneous integral conditions. 

As observed above, it seems that following the original article by Cannon, in the literature the attention has 
been devoted mostly to problems in which mixed boundary/integral conditions are considered, see e.g. |33j as well 
as [12l §7.5] and references therein. It should be emphasized that this kind of problems is slightly different from 
ours: in fact, it seems to be impossible to fix our parameters Y,K in such a way that a homogeneous Dirichlet 
condition in one endpoint can be recovered, cf. Remark 4.7 Nor we are able to treat generalizations of 



that have enjoyed some popularity in the literature, like time- dependent, mixed boundary/integral constraints of 
the form 

Mt) 

u{t,0) = and / u(t,x)dx = 0, t>0, 
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for some given function b that satisfies a suitable smoothness assumption, as in the original paper by Cannon [llj , 
or even 

ffc(*) /•! 

u{t,x)dx= / u{t,x)dx = Q, t>0, 
Jb(t) 

as considered in |24j . 

Conversely, it seems that the methods in the quoted articles cannot be adapted to our general setting. Fur- 
thermore, we could not find any previous reference to a classification of self-adjoint integral conditions as the 
one we perform in Section [4] Most importantly, our operator theoretical approach is based on energy methods 
and Co-semigroups. To the best of our knowledge, it is the first time these kinds of problems are studied in this 
framework. 

In fact, our technique present quite a few advantages over alternative methods: first of all, we deliver a unified 



approach that allows to treat simultaneously a whole class of integral constraints (including those in ( 1.1 1-( 1.2 1); 
secondly, it suffices to us to prove well-posedness of the undamped wave equation to obtain automatically, by 
perturbation methods and the general theory of Cg-semigroups, well-posedness of, among others, the telegraph 
equation and the heat equation. We are also able to enlarge the space on which well-posedness is given, in 
comparison with previous literature: e.g., in [7 the author needs to impose a compatibility condition on the first 
moment of the initial value, which we can instead drop. 

However, the most important by-product of the semigroup approach pursued by us is that valuable information 
becomes available about the solution operators, in comparison with other techniques: e.g., we obtain analyticity 
of the semigroup that governs the heat equation. This in turn yields the fact that the solution u is smooth 
with respect to both the time and space variables and automatically satisfies additional boundary conditions, 



cf. Corollary 4.10 This should be compared with the much weaker regularity results obtained in 13, §3] or [9l 
§5] by means of a Galerkin method. Moreover, in this way we are also able to prove that solutions of the heat 
equation automatically satisfy infinitely many (non-local) boundary conditions along with the integral ones. Also 
this observation, which is actually a straightforward consequence of our semigroup approach, seems to be new. 

2. The Bouziani space 

If we consider (0, 1) as the torus T, then the test function set I?(T) is in fact the set of smooth functions in 
[0, 1] such that the derivatives at all orders coincide at and 1. In the same manner we will use the Sobolev space 
H^{T), by which we denote the subspace of those u £ H^{0, 1) such that u{0) — u{l) (i.e., of those i/^-functions 
supported on the torus). We denote by H~^{T) its dual. 

Remark 2.1. It is clear that i7g(0,l) ^ H^(T), but this embedding is not dense. Therefore, using L^(0,1) 
as a pivot space, their dual spaces H~^(0,1) and H~^(T) do not satisfy the reverse embedding, as one may 
naively expect: for instance, the Dirac functional 5i lies in H^^{T) and is not trivial there, but it agrees with 
the functional in H~^{0, 1). For the same reason, each element ofT>'{T) can be identified with an element of 
2?'(0, 1) but this identification operator is not injective. This identification operator, which we dub Idm, will be 
investigated in more detail in the following. 

Now for ip e T>{T), we can define a primitive of —(p + ip{z)dz by 

J^p{x):= / iifiy)- / ip{z)dz]dy, a; g (0, 1), 







and therefore for u g T>'{T) we define its primitive Pu g T>' [T) by 

(2.1) {Pu,^) ■.= {u,Jip), ^eV{T). 
Note that 

(2.2) (Fu,l)=0, VugX>'(r). 

As a primitive is defined up to a constant, this means that we have chosen the constant in such a way that Pu 
is of zero mean, i.e., {Pu, 1) = 0. 

Now, by definition {{Pu)' , ip) = —{Pu, ip') — — (u, Jf'). But since ip is periodic, 

J^'{x) = f ^'{y)dy = <p{l) - ^{x) g V{T), 
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or rather 

{{PuY, ^) = {u, ip) - ip{l){u, 1) e V{T). 

Hence the identity 

(2.3) iPu)' ^ u~ {u,l)6i, yueV'iT) 

holds. As (Pu)' is not necessarily equal to u, the name "primitive of u" for Pu is a little bit usurped, but is 
justified by the fact that (Pu)' = u on the space of distributions u E V {T) of zero mean (in the sense that 
(u, 1) = 0) and also on ^'(0, 1). Note finally that 

(2.4) P5i = Q in2?'(T), 



since {P5i, (j)) ~ J0) ~ Jfpi^) = which is quite surprising but is in accordance with (2.3). 
Lemma 2.2. Let u £ L^{0, 1). Then Pu is given by 



(2.5) Pu{x)=Tu{x)~ j u{y)dyjdx, Va;€(0, 1), 

where ^ 

lu{x) := / u{y)dy, x € {0,1). 
Jo 

In particular, Pu G H^(0, 1) and (Pu)' = u in I?'(0, 1). Moreover, P is a bounded linear operator from H~^{T) 
to L^{0,1). 

Proof. First we remark that for u G Li^{T) and if G 2?(r), we have 

{Pu,ip) = / [lu)' {x)Jip{x) dx. 



Hence by integration by parts, we obtain 

{Pu,ip) = I ilu){x) ( ip{x) — I Lp{z)dz \ dx, 



since the boundary terms vanish due to (Xu)(0) = Jf{l) — 0. This shows (2.5) and that Pu belongs to L'^{T). 
In a second step we first easily check that for G ^{T), Jip is in H^{T) (it is even in iJo (0, 1)) and that 

According to (2.1 ) we then get 

\{Pu,Lp)\ < \\u\\h-1(^t)\\Jv\\hI(0,1) ^ lk|l//-i(T)ll<^llL2- 

This proves that 

II^^IIl^ < I|w||h-i(t), VuGi?(T), 

and hence also the claimed assertion by density of ViT) into H^^{T). □ 
Lemma 2.3. We have 

Mh-Ht) < \\Pu\\l-^ + \{u,l)\, u G H-\T). 



Proof For aU u G H-^{T) we have by 



u^ {Pu)' + {u,l)5i mH-'^{T). 



Therefore, for Tp G 'D{T), Tp' G 'D{T) and has mean zero, and hence Jip' {x) — ~ij){x)+il}{l). Accordingly, by (2.1 ) 

{Pu,ij') ^ -{u,ij ^ 4,{l)) = -{u,^) + ij{l){u,l), 

or equivalently 

M) = -{Pu,ij')+ij{l){u,l) = {DPu,i^)+i;{l){u,l). 

That implies 

|(u,V)| < |(P^.,^')I + IVX1)II(",1)|. 
By the Sobolev embedding theorem, we obtain 

\{u,,P)\ < {\\Pu\\l2 + \{u, l)\)\mHHT). yu G H-\T), ij G V{T), 

that leads to the conclusion by density. □ 
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Consider the spaces 

F:={/eL2(0,l) :/io(/) = Mi(/) = 0} 

and 

V:={feL^O,l):Mf) = 0}. 
where for shortness we introduce the hncar functionals 



(2.6) fioif) 



/ f{x) dx and 
Jo 



(2.7) ^l^{f) / {l-x)f{x)dx^ [ f f{z)dzdx 

Jo Jo 



With this notation, (2.5) reads now 

(2.8) Pu{■)^Iu{■)-^Il{u), VmG 2.2(0, 1), 

and moreover 

fioi^u) = fii{u), VueL2(0,l). 
Observe that while /io extends to a continuous functional on H^^{T), namely 

Mo(/) :=(/,!), feH-\T), 



this is not possible for /ii, as we are going to show in Lemma 2.11 below (although fii is indeed continuous on 

For further purposes, we need to show that H ^(0, 1) = {Hq{0, 1))' is isomorphic to 

H ■.= {we H-^iT) : noiw) = 0}. 

For that purpose we define a mapping 

Id : H-\T) 3w^Idwe H-\0, 1), 

where Id w is defined by 

(Idu',-u)ff-i(o,i)-Hi(o,i) ■= {w,v)h-^t)~h^{T), VveH^{0,l). 

Denote its restriction to the space H of mean-zero _ff~^(T)-functionals by Idm, namely 

Id™ : H 3 w^ldw e H-\0,1). 

We have already anticipated that H^^{T) is not a subspace of H^^{0, 1), and in fact the identification operator 
Id cannot be seen as the canonical injection. The reason is explained in the following. 

Lemma 2.4. The linear and continuous mapping Id is not injective, since 

kerld — Span {6i}. 

However, 1dm *s m isomorphism. 
Proof, w e kerld if and only if 

{w,vi)h-i{t)-h^t) =0, Vui e ffo(0,l). 
But for an arbitrary element v in H^{T), we have 

VI ■.= v-vii)eH^iOA)- 

Hence 

{w,v)H-i(T)-m{T) = {w,vi)h-i{t)-h^{t) +vil)fJ.o{w) 
= v{l)fJ.o{w), 
which means that w is a multiple of di , or more precisely 

w = ^J.o{w)Sl. 

From this identity, Idm is clearly injective. But it is also surjective because given wi G iJ^^(0, 1), we can 
define w G 77" ^(T) by 

{w,v)h-ht)~h^(t) = {wi,v~ w(0))/f-i(o,i)_ifi(o,i), V-y G H^{T). 
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Now, w £ H because /Xo(u') = 0, and since 

IdmW — Wi 

the surjectivity follows. □ 
Lemma 2.5. For all f E H^{Q, 1) and any c E C, we have 

P(Id„i(/") + c<5i) = /'-/(l)+/(0) 

as an equality of -functions. 



Proof. For shortness we write g :— Id^^(/"). Observe that g is well defined because /" G H ^(0, f). By (2.3) 
we have 

{Pgy=g mV'{T). 

By the definition of 1dm we have 

r = g in2?'(0,l), 

and we deduce that 

if-Pgy^O in2?'(0,l). 
Hence there exists a constant a G C such that 

f~Pg^a inL2(o,i). 



The conclusion follows from (2.2) and (2.4). □ 
Remark 2.6. Note that for f e ij2(0, 1), we have 

(2.9) ldm\n = /" + (/'(O) - /'(l))<5i in H'\T), 

and therefore 

P{ld-J{f"))^P{f") inL\Q^). 

This will he valuable information in the following, since it shows that, for functions regular enough, the annoying 
term Id^^^u" can he safely replaced hy u" . 

(More generally, the same holds for f S H'^(Q, 1) for all s > |, since then f" G H'^^^{Q, 1) and we can exploit 
the fact that 1 e i?J(0, 1) for all r < \ - as in fact i7J(0, 1) = H''{T) ). 

In the same spirit, we have the next equivalence. 

Lemma 2.7. Let f E H\0,1). T/ien Id„\/") belongs to (0,1) if and only if f E (0,1) and f (0) = f {!) . 



Proof. The necessity directly follows from (2.9). For the sufficiency we notice that 

r^ldm\f") in (0,1). 

But by assumption the right-hand side of this identity belongs to L^{0, 1), and therefore / belongs to if^(0, 1). 
By (lp|, we get that (/'(O) - f{l))Si has to belong to ^^(0, 1), that is only possible if /'(O) - /'(I) = 0. □ 



By Lemma |2.3| the sesquilinear form defined by 

(2.10) U:9)^ I Pf{x)Pg{x)dx, f,gEH, 

Jo 

is an equivalent inner product on H. For this reason, we will always endow H with the inner product 

{■\-)h:^{P-\P-)l^ 



introduced in (2.10). We obtain the following characterization of the completion of V (and hence of V, too) with 
respect to this inner product. 

Corollary 2.8. The space V is dense in H ^ {f E H-^{T) : i^o{f) = 0}. 
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Proof. Define H as the closure of V in H. 

The space H is ttierefore a closed subspace of H~^{T), hence a Hilbert space for the norm of H~^{T). By 
Lemma [2. 2| and Lemma [273| we clearly have 

\\u\\h-^t)-\\Pu\\l'^, VugK 

Therefore the continuous embedding H ^ H holds and this equivalence remains valid on H by density. 

To prove the converse inclusion, we show that any f G H that is orthogonal to H for the inner product {■\-)h 
is identically zero. In fact, let f E H he orthogonal to H. Then it satisfies in particular 

iPf\P9)L'^ = 0, V.g e V, 



and by (2.1 1 we get equivalently 

(2.11) (/,JPg)=0, ygeV. 
Now define 

(2.12) W:^{ue H\T) n H^{0, 1) : u'{0) = u'{l) 0}. 

This space is dense in H^{T): To see this, observe that u — u(0) G -ffo(0, 1) for all u E H^{T), and hence for all 
u e H^{T) there exists a sequence of ipn & I'(0, 1) such that 

ipn^u-u{0) ini/o(0, 1), 

and therefore + u(0) e with 

ipn + u{0)~>u in H'^{T). 
Now for /i € W, we take g = —h" that belongs to V due to the assumptions on h and by construction 

JPg{x) ^ h{x) - h{l), Vxe(0,l). 



Plugging this identity in (2.111 yields 

(2.13) {f,h-h(l)) =0, VheW. 

But due to the fact that /io(/) = 0, we deduce that 

{f,h) = o, yhew. 

As W is dense in H^{T), we conclude that f — 0. □ 

Remark 2.9. The space H^{T) is the appropriate choice to discuss heat or wave equations equipped with ( |1.1[ ), 
since from our previous considerations the chosen space should contain Hq{0, 1) as well as the constant functions. 
In the proof of Corollary 2.8 we have shown that this space is exactly H^(T). 

Remark 2.10. Let us summarize some obvious but useful properties of the linear operators J and P. 
(1) Let f eV. Then 

Jf{^) = f f{y)dy, Vx e (o, i). 



2.2 



(2) Let f G i^(0, 1). Then for its primitive Pf we have by Lemma 

PfeH\0,l) and {Pf)' = f. 

More generally, by density 

{Pf)' = f zn2?'(0,l), yfeH-HT). 

(3) Let f £ L'^{0, 1). Since apparently 

^/(0) = -Mi(/) and P/(l)=A^o(/)-Mi(/), 
we conclude that Pf G H''-{T) if f e V , and in particular Pf = If e (0, 1) if f £ V. 

(4) If instead f G 7?^(0,1), we see thatPf = / — Jq f(x)dx, hence in particular P f = f for all f G i7^(0,l) 
with zero mean, hence by density also 

Pf'^f mV'{Q,l), VfeH. 
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(5) Let f e H^Q, I), then by Lemma\2^P{n{x) = f"iv)dy ~ lo lo f"{y)dydx = /'(x) - /(I) + /(O) 
and by Lemma 2.5 this property remains valid on H^{0, 1) if we replace f" by Id^j^/"; 

F(Id-i(/")) = /' - /(I) + /(O) m L\0, 1). 



(6) By (2.2), P is a bounded linear operator from H ^(T) to V and, by (3), also from V to H^{T) as well 
as from V to H^{0,1). 

(7) Finally, for all g € V we have Pg{x) = g(t)dt = g{t)dt - g{t)dt = - /^^ g{t)dt. By (1 ) 



{JPg){x) = / g{z) dzdy, 

J X J y 



Vx e (0,1). 



From this identity and by density we see that 

{JPg)" = -g in V'{0,1), ^g e H. 

Lemma 2.11. The functional /ii : L^(0, 1) — S- C cannot be continuously extended to the whole of H~^{T). 

Proof. Would fii be a continuous functional on H^^{T), then its restriction to H would be continuous on H as 
well. But then its null space K C H would be closed in H. Since F is a subset of K and V is dense in H by 
Corollary 2.8 we would then obtain K = H - which is false, because e.g. u{x) := 2x — 1 defines an element of 
H such that ^i(u) 7^ 0. □ 

Nevertheless one can prove a weaker continuity property that will be crucial later on, whenever we discuss a 
wave-type equation. 



Lemma 2.12. There exists C > such that 

(2.14) \l^i{9)\^ <C\\g\\L49\\H-HT), 



ygeL^iO,!). 



Proof. The following trace inequality is standard (see for instance [101 comment l.(iii) at p. 233]): for all 



(2.15) 



i(l)|2 < 2V2\\u\\L2\\u\\Hii0S 



Now for g E L^{0, 1), by Lemma 2.2 we know that Pg belongs to H^{0, 1) and therefore applying (2.15) to 
Pg, we get 

\{Pg){l)\'<2V2\\PgU4Pg\\H^o,i)- 



Now, as Lemma 2.2 shows that {Pg)' = g, we have 

2 



P9\\m(o,i)^\\P9\\h + \\9\\h- 



Moreover Pg being given by (2.5), by the Cauchy-Schwarz inequality we see that 

II^sIIl-^ < \\Ig\\L-+ (^J^ g{y)dy^dx 

< 2||I.g|U2 

< V2\\g\\L2. 
Hence again owing to Lemma |2.2| we obtain 

mmi' < C\\9\\h-ht)\\9\\l2, V5 G L'iO,l), 

for some C > 0. Since 

Mi(5)=Mo(5)-(^5)(l), 

and because 

\M9)\ < \\9\\h-^t) < hh^, 



we can conclude that (2.14) holds. 



□ 
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In view of Lemma 12.31 we see that 
(2.16) {f,g) ^ {Pf\Pg)L- + Mo(/)mo(5), 

defines an inner product in H^^(T) whose associated norm is equivalent to the standard norm of H^^{T). We 
will stick to this inner product on H^^iT) throughout this article, and in particular we denote 

WIWl-HT) II/IIh, = ll^/lli^ +A*o(/)Mo(/). 
We will repeatedly make use of the following integration-by-parts-type formula. 

Lemma 2.13. Let u e iJi(0, 1), c e C and h e L'^{Q, 1). Then 



{U-;^\u")+c5,\h)H-^iT)=[{^ 
Proof. Set g — Id~"'^(M") + cSi, then by Lemma 



c + u{l) \ (iio{h) 



C2 



2.5 



we have 



P{g) ^u'^a, 

where a :— u{l) ~ u(0). Accordingly, 



{Pg\Ph)L2^ / [u' {x) ~ a){Ph){x) dx = / u' {x){Ph){x) dx, 



since Ph has mean zero by Remark 2.10| (6). Integration by parts yields 



{Pg\Ph)L2 = - I u{x){Ph)'{x)dx + [u{Ph)]l. 



By Remark 2.10 (2)-(3) we deduce that 



{Pg\Ph)L2 = - / u{x)h{x)dx + u{l)fj.oih) + (m(0) - u(l))/ii(/i). 
Jo 

This shows that 

-i9\h)H, = -{Pg\Ph)L2 ~ fioig)Mh) 

u{x)h{x)dx - (c + u{l))^o(h) + (u(l) - u(0))/ii(7i), 
as we wanted to prove. □ 



Remark 2.14. Because by (2. 



{f\g)H= f If{x)Ig{x)dx, yf,geV, 
Jo 

our Hubert space {H, \\ ■ \\h) agrees with the space denoted by B\ and termed the Bouziani space in [6] and some 
subsequent papers by Bouziani himself and other authors. 

3. WeLL-POSEDNESS in the SPACE OF ZERO MEAN FUNCTIONS 

In this section we propose a general Hilbert space setting in order to study both the heat and the wave 
equations under (generalizations of) the integral constraints 



(3.1) / u{x) dx — / xu{x)dx — Q. 

Jo Jo 

Namely, we take the spaces V,V equipped with the L^-inner product and the space H with the (• |-)/f -inner 
product defined in (2.101. 

We further let /c G C and consider the sesquilinear form Ok defined by 

(3.2) ak{f,g):^ [ f{x)g(x) dx + k^i,{f)^^,{g), 
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with form domain either V or V. Since V is dense in H , the form aj. with domain y or is associated with a 
hnear operator {Ak, D{Ak)) or {Ak,D{Ak)), respectively, defined by 

D{Ak) l^feV:3geH:akif,h)=J^{Pg){x){Ph){x)dxyhevY 

D{Ak) := |/el/:35GiJ:afc(/,/i)=^ (P5)(x)(P/i)(x)dx V/ie'^j, 
Akf ■■= 9- 



(In the former case, the second term on the right hand side of (3.2) vanishes and hence {Ak, D{Ak)) does not 
really depend on k. This is why in the following we denote it simply by {A, D{A))). 

Theorem 3.1. The operator {A,D{A)) associated with {ao,V) is given by 

DiA) = {ueH'{o,l)■.^lo{u) = ^l,{u) = o} 
Au = -ia;^\u"). 

This shows that in particular 

Au^-u" in2?'(0,l). 

Proof. Denote 

K, := {u e H\0, 1) : = MiM = 0}. 

Let us first show the inclusion D{A) C /C. Let / G D{A). Then there exists g E H~^{T) for which /io(5) = 
(i.e., g S H) and such that 

akif, h) = {f\h)L2 = [\pg){x){Ph){x) dx, Vh € V. 



Now ioi g G H -^{T) we see that P{Pg) belongs to H^{0, 1), by applying Lemma 2.2 twice. Taking into account 
Remark 2.10 (2), by integration by parts we obtain for all h E V 

iPg)ix)iPh)ix)dx = / {PiPg)yix)iPh){x)dx 

Jo 

1 



{P{Pg)){x){Phy{x)dx 

L 

= - / {P{Pg)){x)h{x)dx, 



where in order to get rid of the boundary terms we have used the fact that, by Remark 2.10 (3), Ph E Hq{0, 1). 
This shows that 

{f\h)L2^-{P{Pg)\h)L^, yhEV. 

In other words if we denote by 11 the orthogonal projection of L^(0, 1) onto the vector space Pi(lR) (i.e., onto 
the space of polynomials of one real variable with complex coefficients and degree < 1), we have 

f = -{Id- n)P{Pg) = -P{Pg) + nP[Pg). 

We deduce that / belongs to iJ^(0, 1) because IiP{Pg) is a polynomial of degree < 1. This also yields that 
g — /" in I?'(0, 1), so that Af ~ g — Id.^^ (/") (reminding that g is of zero mean). 

Let us now prove the converse inclusion. Let f E K,. Then we can take g := — Id„ (/") E H. Applying 
Lemma 12.131 we obtain 

ig\h)H = {f\h)L2, yhEV. 
This shows that / E D{A) and concludes the proof. □ 

Remark 3.2. Contrary to the intuition, for u E D(A) C H^{0, 1) the vector Au does not agree with —u" even 
if u" belongs to H^^{T). Indeed take the function u defined by 

u{x) = |x — -| + ax + /?, 
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with a,/3 G IR fixed such that ^q{u) — ~ 0. Hence we easily check that 

-u" = 25i inH-\0,l), 

that can be considered as an element of H^^{T) . The distribution —u" cannot agree with Au since fj,o{u") 
2/io(<5i) = 2. In fact 

Au = -ld-,\u")^2{5.-S^), 
and elementary calculations confirm that 

a{u,h):^[ u{x)h{x)dx= I P{Au){x)Ph{x) dx, VheV. 



Similarly, we have the following. We omit the proof, which can be performed just like that of Theorem |4.3| 
below. 

Theorem 3.3. One has 

D{Ak) = {ueH\0,l):fio{u)^0,u{l)-u{0) = kfii{u)} 
Aku = -Id7„\u"). 



Corollary 3.4. The following assertions concerning the form defined in (3.2 I hold with respect to the space H. 

(1) The form a with domain V is densely defined, symmetric, continuous and coercive. Hence, the associated 
operator {A,D{A)) is self-adjoint and semi-bounded on H. In particular, {A,D{A)) generates a cosine 
operator function with associated phase space V x H and hence an exponentially stable, contractive, 
analytic semigroup (e^*'^)t>o of angle ^ on H. This semigroup is immediately of trace class. 

(2) Let /c e C. Then the form with domain V is densely defined, continuous, elliptic and it satisfies the 
Crouzeix estimate. It is coercive (resp., accretive) ifKek > (resp., Re/c > Q). It is symmetric if and 
only if k & R. The associated operator {Ak,D{AfS)) generates a cosine operator function with associated 
phase space V x H and hence an analytic semigroup (e~*"^'=)t>o of angle ^ on H. This semigroup is 
immediately of trace class. It is contractive ifHek > and exponentially stable ifHek > 0. 

Before proving the above result we recall that, in accordance with the terminology of |30l[T], a sesquilinear 
form a : V X V ^ C is called H-elliptic (or simply elliptic) if there exist a > and a; > such that 

Rea(/,/)+c.||/||l,>a||/||^, V/ G 

it is called coercive if it is elliptic with lo = 0; and finally it is called accretive if 

Rea(/,/)>0, yfeV. 

We also say that it satisfies the Crouzeix estimate if for some M > 

|Ima(/,/)| < A/||/||y||/||H, V/eK 

(The name is due to the fact that forms that satisfy the Crouzeix estimate also fit the framework of |15)). 

Proof. The properties of the form a in (1) are apparent and hence the associated operator {A, D{A)) is self- 
adjoint and strictly positive. Hence, by the spectral theorem {A,D{A)) generates a cosine operator function 
with associated phase space V x H and an analytic semigroup (e^*"^)f>o of angle | on H . Due to the trace class 
embedding of H^{0, 1) in L^{0, 1) (cf. [H]), these semigroups are in fact even immediately of trace class. 



Let us now focus on the case in (2). By Lemma 2.12 and a standard application of Young's inequality we 



can easily deduce ellipticity of a^. Furthermore, using Lemma 2.12 it directly follows that [T21 Thm. 5] applies 
and we deduce that {A/^, D{Ak)) generates a cosine operator function with phase space V x H ioi any fc € C, 
hence an analytic semigroup of angle f by O Thm. 3.14.17]. By the above mentioned trace class embedding of 
H^{0, 1) in L^(0, 1), the semigroup generated by {Ak, D{Ak)) is immediately of trace class for any k e C. □ 

In fact, it is well-known that any operator A associated with an elliptic form a : x — > C is associated with 
three semigroups, cf. [2, Chapter 7]: one on the given Hilbert space, one on the form domain and one on the 
dual of the form domain (using the given Hilbert space as the pivot space). It is also known (see e.g. jll § 5.5.2]) 
that if a is symmetric (and hence the associated operator A is self-adjoint), then A is similar to A^ (the part 
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of A in the form domain) . The operator on the form domain is then described in the following, whose proof is 
obvious due to the above mentioned similarity, Lemma |2.7| and the fact that 

Mo(w") = - w'(0) and =u(l)-u(0)-u'(0), yueH^{0,l). 



Theorem 3.5. Let k £ R in (3.2). Then the following assertions hold. 

(1) The semigroup generated on H by {A, D{A)) leaves V invariant and its restriction is a semigroup on V 
that is analytic of angle ^ and immediately of trace class. Its generator is the part A^ of A in V: its 
domain is 

D{A^) = {ue H^{0, 1) : noiu) = ^i(m) = and u{l) = u{0) = u{l) - u{0)}. 

(2) The semigroup generated on H by (Ak, D{Ak)) leaves V invariant and its restriction is a semigroup on 
V that is analytic of angle ^ and immediately of trace class. Its generator is the part A^ of A in V : its 
domain is 

D{aI) = {u e i?2(0, 1) : ^^{u) = 0, u'{l) = m'(0) and u{l) - u(0) = fc^i(u)}. 



Remark 3.6. The boundary conditions arising in Theorem \3.^ are not unusual. In the special case ofk — 0, the 
operator A^ is simply the second derivative with periodic boundary conditions with domain H'^ (T) OV . Boundary 
conditions of this form have also been considered in several articles on so-called guantum graphs, see e.g. |141I19| . 
In fact, the setting in the present article is related to quantum graphs in an interesting way: Whenever dealing 
with a Laplacian on a graph G, it is well-known (see e.g. |4l[29]j that the correct 1,^(0) -variational formulation 
of the problem includes a Dirichlet form with domain H^{G) (the space of edge-wrise -functions that are 
continuous in the nodes). As already mentioned, it follows from the general theory of forms that the associated 
operator (that is, the Laplacian) generates three semigroups: on L^{G) as well as on the form domain H^{G) 
and on its dual H^^{G). In the special case of a graph reducing to a single loop, H^^{G) is nothing but the space 
H = H^^{T) in the present paper. 

More explicitly, we obtain the following well-posedness result. It should be compared with the main result 
in [5], which our theorem below widely extends - in fact, both the allowed initial data are more general and the 
notion of solution is much stronger. 

Theorem 3.7. The heat equation 

— = , i>0, xeO,!, 

ot ox^ 

with moment conditions 

Mo(u(t)) =Aii("W) = 0, <>0, 

or 

fio{u{t))^0 and 1) - 0) = fc/ii(u(t)), t>0, 
(for any given k Cz C) and initial condition 

u{0, •) = wo e {/ e H-\T) : ^lo{f) = 0} 

is governed by an analytic semigroup consisting of trace class operators, and in particular it is well-posed^ In 
the former case, or in the latter case if additionally Re k > 0, the semigroup is uniformly exponentially stable, 
and in particular 

lim \\u{t,-)\\H-^{T) = 

t— f oo 

uniformly for all initial data. 

In the proof of this theorem we will need the following result. 
Lemma 3.8. Let k e C. Then 

D{A^) ^{ue ij3(0, 1) : fioiu) - /ioK) = /^i(u) - MiK') - 0} 

and 

D{Al) = {ue HHO, 1) : ^lo{u) = ^lo{u") = 0,/io(w') - kfi,{u) = /io(w"') - kni{u") = 0}. 



^ I.e., it admits a unique mild solution for all admissible initial data. Analogous notions of well-posedness will be used in the 
following: we refer to [S] §3.1 and §3.14] for a precise definition of these notions in the heat and wave case, respectively. 
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Proof. The inclusion "d" is clear. To prove that "c" also holds, take u e H^{0, 1) such that Au — — Id^^u" € 
H^iO, 1). It clearly suffices to prove that u" e H^{0, 1). Now, 

(u", V, )ff-i(oa)-ffi(o,i) = (W™^""". v)H-m{T) = -{Au, v)h-h^t) Vi; G V{0, 1). 
Now, because by assumption Au e i?^(0, 1) we deduce that in fact 

(w",W,)H-i(o,l)-Hi(oa) = -(^'"|u)i2, 

hence m" = —Au e i?^(0, 1) and we conclude that u G H^{0, 1), as we wanted to prove. □ 



Proof of Theorem \3. 7| Since the operators A and A^. are generators of analytic semigroups, well-posedness of the 
corresponding parabolic problem is clear. However, by construction these semigroups yield in fact the solution 
of the evolution equation 

(3.3) — (t,x)=Id-i^(t,x), t > 0, x e (0, 1), 

rather than the standard heat equation. However, by standard semigroup theory we know that u(t) :— c^^^Uq 

and u{t) := e~*'^'=uo lies in D{A'^) and D{Al.), respectively, for any t > 0. Hence, by Remark 
ni" /|2^ r- u2/n 1^ n/' /J^2^ 



2.6 



follow if we show that D{A^) C H^{0, 1) and D{Al) C ff^(0, 1). But this is just the claim of Lemma 3 



the claim will 
□ 



Similarly, the following holds. 
Theorem 3.9. The generalized wave equation 



with moment conditions 



and initial conditions 



or 



d'^u d^u 

-^{t,x)^id;^'^it,x), R, (0,1), 

fio{u{t)) ^ fii(u{t)) ^ 0, teK 

fio{u{t)) = and u{t,l) ~ u{t,0) = k^i{u{t)), tG 
u(0, ■)^uoe{fe i2(0, 1) : ^o(/) = l^iif) - 0} 



along with (in either case) 



u{o,■) = uoe{feL^{0^)■.^ioif) = 0} 



^{Or)^u,e{feH-HT)■.^^oif) = 0} 



is governed by a cosine operator function, and in particular it is well-posed. The solution satisfies in fact the 
proper wave equation 

&^u d'^u 

if additionally the initial data Uo,ui are in D{A^) or D{A^) and D{A) or D{Ak), respectively. 

Proof. Since cosine functions keep the regularity of initial data but o ffer no additional smoothing effect, we are 



forced to reach H^{0, l)-regularity of solutions (which by Remark 2.6 is sufficient to finally drop Id~^) by actually 
imposing more regular data. This is obtained if uq lies in the domain of the generator's part in the form domain; 
and Ml lies in the generator's domain, respectively. □ 

Remark 3.10. Of course, the only positive-valued function with zero mean is the constant function of value 0. 
Therefore, the semigroup is trivially positivity preserving. It is more interesting to discuss invariance of other 
order intervals, and in particular that of the unit ball of V or V with respect to the L°° -norm. However, it is 
not clear how the orthogonal projections onto such balls look like, so that we are not able to apply |30| Thm. 2.2]; 
and on the other hand |25l Thm. 2.1] does not seemingly yield valuable information, since neither V nor V are 
invariant under the orthogonal projection 

(3.4) P -.u^ {\u\ A 1) sgnu 

o/L^(0, 1) onto the \\ ■ \\oo-unit ball: simply think of the function 

uix) = l[o,|](2:) - 3 • l[|,i](a;) Va; G [0,1]. 
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Therefore, the question whether the semigroup extends to further L^iO, 1) H V-spaces remains open. 

(If however one considers the operators introduced in Theorem 3.5 hut drops the integral conditions and simply 
considers the (non-integral) non-local Robin-type ones, it has been shown in [5] that the associated semigroup on 
i^(0, 1) does in fact extend to all L^iQ,!)- spaces, [l,oo], and even to C[0, 1] j. 

4. Well-posedness in the space of non-zero mean functions 

We now consider the case where we impose some relationship between the moments and the boundary values 
of the unknown: More precisely we want to study the problem 

-Uxx{x) = /(x), X e (0, 1), 

with the condition 

/moM\ _ {u'{Q)-u'{l)-u{iy 

^ ^ UW^V "(i)-"(o) 

for some 2 x 2-matrix K (where fiQ, fii are defined as in ( |2.6[ )-( [2?7| ), as well as generalizations of it. For shortness 
we introduce the linear maps Fi : L^{0, 1) — > and F2 : -ff^(0, 1) — C'^, defined by 

(4.2) T,u := ( ^"("i") . F^. ("-^"Sf ^ ~.n(^^ 

^ ' V u{i)-u{o) 



so that (4.1 1 can be reformulated as 

KTiu = T2U. 

The above elliptic problem is still well-posed for / e _L^(0, 1), if the matrix K that appears in (4.1 1 is well 
chosen. 

We emphasize that the conditions treated in the previous section are not a special case of those in (4.1): 
however, the conditions considered in both the previous section and in (4.1) can be described in a unified 
formalism, as we show next. 

Again, we wish to use a standard Hilbert setting. We define 

:= {/ e L2(0, 1) : (a*o(/),Mi(/)) e n, 

for arbitrary subspaces Y of . 

Remark 4.1. Observe that the compact mapping 

Ti := (^J^o^ :L2(o,i)^c2 

is surjective. In particular, for any given subspace Y of there exists u £ Vy ■ 

In fact, given a, /3 € C, we look for u in the form u{x) ^ ^x -\- 5, with 7, (5 G C such that 

/•I 

(70; -f (5) da; = a and I [1 ~ x)(^x + 5) dx ~ j5. 
Jo 

This is equivalent to a 2 x 2 system of linear equations that has a unique solution. More generally, we can 
similarly show that for any subspace Y of the mapping 



PyFi 



ij2(0, 1) ^ 



is surjective as well. 

We assume throughout this section that Y ^ {0}^ and Y ^ {0} x C (since with these both choices, Vy 
would agree with the spaces V, V that have already been studied in Section [sj more precisely, V = V{o}2 and 
V = V{o}xc)- We then take 

Vy^Hi —H-^T) 

equipped with the L^{0, l)-inner product and the inner product defined in (2.161, respectively. 
We first show that Vy is indeed dense in Hi. 

Theorem 4.2. Let Y be a subspace of such that Y ^ {0}^ and Y ^ {0} x C. Then Vy is dense in Hi. 
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Before proving this assertion, let us observe that under the assumptions of Theorem 4.2 either y = or 
there exists a e C such that Y is the set of aU {zq, zi) G satisfying 

(4.3) zi = azQ. 

Proof of Theorem 4-2 Let us first assume that Y ^ C'^ and let / e H^^{T) be such that 

(4.4) {f\g)H, = 0, V.g e Vy. 

Since for the space V introduced in Section [3] there holds V C Vy, this implies that 

(/l5)ifi = 0, V.9 e V, 



and reasoning as in the proof of Corollary |2.8| we deduce that (2.13) holds for the space W defined in (2.12) 
Since W is dense in H^{T), this is equivalent to 



or again 
(4.5) 



{f,h-h{l))^0, yheH\T), 



f = Mm mH-\T). 



Coming back to (4.4 1 we get 

(4.6) = Mf)i{PSi\P9)L^-+MSi)M9)) = Mf)M9), Vgel^y, 



because by (2.1), PSi — 0. Now, Remark 4.1 guarantees the existence of an element g G L^{0, 1) such that 

Vo(.g)\ ^ fi' 

,Mi(5)/ \a> 



where a is as in (4.3). Hence, we can plug such a g G Vy in (4.6) and we find /io(/) — 0, hence, by (4.5), 
/ = 0. This shows that Vy is dense in Hi if Y ^ C'^. For the case Y — C^, Vy — i^(0, 1) and the density is 
immediate. □ 



We further take 
(4.7) 
i.e.. 



aKif, g) {f\g)L- + (i^ri/|rig)c2 , f.geVy 

Vo(g) 



aK{f,g)^ fix)gix)dx+iMf) ^^lif))K* , 

where K is an arbitrary 2 x 2-matrix with complex entries. 

Like in the previous section we have the following characterization of the operator (Ay^K-, D{Ay^k)) associated 
with the form ok with domain Vy. 

Theorem 4.3. Let Y be a subspace of such that Y ^ {0}^ and Y ^ {0} x C and let K be an arbitrary 
2 X 2-matrix. One has 

/io(w) 
vMi('«) 

Ay.KU = -Id„^(u") - c(u)(5i, 
with c{u) G C uniquely determined by the condition 



e Y 



(4.8) 



K 



A*o(u)A , (c{u)+u{l) 



Observe that this agrees with the results in Theorems |3.1| and 3^ 
Proof. We denote 



and proceed as in the proof of Theorem |3.1| in order to characterize Ay^K, which by definition is given by 
D{Ay^K) {feVy:3geHi: aK{f, h) = {g\h)H, V/i G Vy}, 

Ayuf := g- 
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Let US first check the inclusion D{Ay^k) C /Ci. Let / £ D{Ay,k)- Then / e Vy and there exists g ^ H ^(T) 
such that 

(4.9) {f\h)L2 + iKrif\rih)c2 = [ {Pg){x){Ph){x) dx + fioi9)Mh), V/i G Vy. 



Now, because g E H ^(T), by Remark 2.10 (6) we can consider P{Pg) that belongs to H^{T). Therefore by 
integration by parts we obtain 



{Pg){x){Ph){x)dx 



{P{Pg))'{x){Ph){x)dx 



= - f\p{Pg))(x)h(x) dx + [P{Pg){Ph)]l G Vy. 

Jo 



Now, observe that the scalar number 

-{Krif\r^h)c2 + a^o(5)mo W + [P{Pg){Ph)]l e c 
is a linear combination of fJ-o{h) and ^i{h), hence it can be written in the form 



(co + ci(l — x))h{x)dx, 



for some cq, ci G C. Letting p{x) := cq + ci(1 — x), we obtain that 

if\h)L2^{-P{Pg)+p\h)L2, yheVy, 

where p is a polynomial of degree < 1. Therefore, denoting by H as in the proof of Theorem |3 . 1 1 the orthogonal 
projection of L^(0, 1) onto the vector space Pi(lR), we obtain (by restricting the previous identity to all h E V C 
Vy) 

(/-n)(/ + p(P5)-p) = o, 

or equivalently 

(4.10) / - (/ - n)(-P(Pg) +p) = -P{Pg) + n(P(P.g) + /). 



This proves that / belongs to if^(0, 1) and (differentiating (4.10) twice) that g = — /" in the distributional sense 
(i.e. in T>'{0, 1)). Hence, by Lemma 2.4 there exists c(/) G C such that 



Ay,x/ = 5 = -Id™ (/" 



and in fact c(/) = —fio{g). 

It remains to check the condition 

(4.11) 



K 



Mf)\ , /^c(/) + /(i) 
Mi(/)j + U(o)-/(i) 

We first notice that, for aU / G D{Ayj(), ( |4.10p leads to 

/' = -Pg + a, 



cSi, 



for some a G C. By (4.9) we obtain 

r-l 







f{x)h{x)dx + {KTJ\T,h)c2= {-rix) + a){Ph){x)dx~c{f)Mh), ^heVy. 



As a Jq {Ph){x) dx ~ because Ph G by Remark 2.10 (6), we deduce that 



fix)hix)dx+iKTif\Tih)c2 



f{x){Ph){x) dx - c{f )Mh), V/i G Vy. 



By integration by parts in the first term on the right-hand side we obtain (since (Ph)' = ft, by Remark 2.10 (2)) 

{Kr,f\r,h)c2 = fmPhm - /(i)(Pft)(i) - c{f)Mh), vft G Vy. 



By Remark 2.10 (3) we arrive at 

{KT,f\T^h)c2 - (-c(/) - f{l))Mh) + (/(I) - /(0))Mi(M, Vft G Vy. 



By surjectivity of Fi, cf. Remark |4.1[ we have shown (4.11 ) 
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Before going on let us notice that (4.11 1 determines in a unique way c. Indeed in the case Y = C'^, then this 
condition is equivalent to 

v/ii(/V + Uo)-/(i). 



K 



= 0, 



while in the case Y — Span (1, a) with a e C, then (4.11 ) is equivalent to 



K 



Mf)\ , fc{.f) + /(I) 
m(/)j + l/(o)-/(i) 



= 0, 



C2 



which again determines c uniquely. 

Let us now prove the converse inclusion. Let then / G /Ci. Then we can take g = — Id„^(/") — c6i, with c £ C 
fixed by the condition (4.11 ). Moreover by Lemma 2.13 for all h e L^{0, 1) wc may write 



(5|^)h-i(t) 



/c(/) + /(i)\ f^lo{h) 



V/(o)-/(i: 



L2- 



C2 



But taking h € Vy and using (|4.11|) allow to transform the first term of this right-hand side and to obtain 



few I :S) 



V/i e Vy. 



This shows that 



aK{f-,h) ^ {g\h)H-i{T), yheVy, 



and proves that / belongs to D{Ay^K) 



□ 



Remark 4.4. Let q e C^([0, 1]; C) mt/i < go < Re(7(x) < Qo for some qo, Qo G R and all x G [0, 1]. Then one 
can consider the form defined by 

aK{f,9) ■■= {qf\9)L- + (Xri/|rig)c^ , /,5 G Vy . 

Mimicking the proof of Theorem \4.3[ one can prove that the associated operator is given by 

DiAy^K) - G i/\0, 1) : FiM e r} , 

Ay,KU = -Id„^(9u)" - c,(5i, 

with Cg e C uniquely determined by the condition 



K 



/io(u) 



Cq+q{l)u{l) 



eY' 



Similar conclusions hold in the cases of Theorems \3.1\ and \3.3\ above and \6.4\ below. We omit the straightforward 
details. 

Because Vy is densely and continuously embedded in Hi, the following holds. 

Proposition 4.5. Let Y be a subspace of £? such that Y ^ {0}^ and Y ^ {0} x C. The densely defined form 
Ok with domain Vy is bounded and elliptic and satisfies the Crouzeix condition. Lt is coercive (resp., accretive) 
if both eigenvalues of L'C have strictly positive (resp., positive) real part. It is symmetric if K is hermitian. 

Therefore, the operator Ay^x associated with the form generates a cosine operator function with phase space 
Vy X Hi and hence an analytic semigroup (e~*'^^'^)t>o of angle f on Hi. This semigroup is immediately of 
trace class. It is contractive (resp., exponentially stable) if both eigenvalues of K have positive (resp., strictly 
positive ) real part. 



Proof. All properties of qk are apparent, since they can be proved like in the proof of Corollary |3.4[ In particular, 
generation of a cosine operator function follows from [H § 5.6.6] (see also [HI Thm. 5]) because 



|Im a/f(M,u)| < |(ii:riu|riu)c2| < Vw G Vy, 



where the inequality is a direct consequence of the boundedness of /io on Hi and Lemma 2.11 



□ 



Again, we obtain the following concerning well-posedness in a more common L^-context. 
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Theorem 4.6. Let K he hermitian and Y he a subspace of . Then the semigroup (e *"*^'^ )t>o 



on Hi leaves 



Vy invariant and its restriction is a semigroup on Vy that is analytic of angle ^ and immediately of trace class. 
Its generator is the part Ay^j^ of Ay.K in Vy, which is explicitly given by 



D{A 



Y,K) 



= {u e D{Ay^K) n H^iO, 1) : KTiiu) + G Y^, Tiiu") e Y} , 



Ay'^U = —U" 



Proof. It suffices to observe that the part of Ay^x in Vy has domain 

DiA'^^) := {u e D{Ay^K) ■ Ay,KU e Vy}. 



But according to Theorem 4.3 for / e D{Ay^K) we have 



Ay^Kf^~ld;nU")-c5l, 



with c e C fixed by the condition (4.11 ). Therefore 

/"--^y,if/el?'(0,l), 
and since the condition Ay ^f G Vy means in particular that 

Ay,K/eL2(0,l), 

we deduce that / befongs to H^{0, 1). 
On the other hand, using (2.9) we get 

-Ay.Kf = /" + (/'(O) - /'(I) + c)<5i e L^O, 1). 



Consequently /'(O) - /'(I) 



and 



c must be zero, i.e., 

c=/'(l)-/'(0) = Mo(/"), 

Ay,Kf = -/", 



as an equality of L^-functions. By (4.8) we find 

Kri{u) + r2{u) e y^. 

This completes the proof. 



□ 



Remark 4.7. Again, taking the part in Vy of our operators with integral conditions one sometimes obtains very 
natural boundary conditions of local type. For example, letting Y — C'^ and K — 0, one obtains that the part 
^c^^o ''/^c^.o *^ = ^^(0, 1) is given by 

/^(Apf ) = {ue H\T) : na{u")+u{l) = and u" e (0,1)} 



= {u e H^{Q, 1) : - u'(0) + = and u{0) = u{l)} 



which is nothing hut a usual Laplacian on a trivial metric graph - to he more precise, the Laplacian on a loop 
with continuity and generalized Kirchhoff-type boundary conditions. In this sense, heat and wave equations with 
integral boundary conditions turn out to be nothing but the correct extensions of the common heat and wave 
equations on metric graphs with (possibly non-local hut) non-integral boundary conditions, if one is interested in 
proving well-posedness in a larger Soholev space of negative order instead of in the usual iF' -space. 

More explicitly, mimicking the proof of Theorem |3.7| we obtain the following. 

Theorem 4.8. Let Y be a subspace of , Y ^ {0}^ and Y ^ {0} x C, and let K be a 2 x 2-matrix with complex 
entries. 
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(1) Then the heat equation 
(4.12) 

with moment conditions 
(4.13) 

and 



— {t,x)^-^{t,x), t > 0, a; e (0,1), 



Ui(u(i)) ' 



(4.14) 



Py K 



0, t>0, 



lii{u{t))) \ u{Q)-u{l) 

(here Py and Py± denote the orthogonal projections of onto Y and Y-^ , respectively) and initial condition 

is governed by an analytic semigroup consisting of trace class operators, and in particular it is well-posed. If 
additionally K is positive definite, then 

lim \\u{t,-)\\H-i =0 



uniformly for all initial data. 
(2) Similarly, the wave equation 



= i>0, (0,1), 



with moment conditions (4.13 )-(4.14|) and initial conditions 
along with 



«(0, •) = uo e D{Al\) 



du 



(0, ■)^uie D{Ay,k) 



is governed by a cosine operator function, and in particular it is well-posed. 

Remark 4.9. While discussing parabolic problems, one of the main advantages of form methods is the possibility 
of easily characterising invariance of closed convex subsets of an -state space under the semigroup that governs 
the problem, by virtue of the celebrated Beurling-Deny criteria (later generalised in [30, § 2.1] and |25j ). For 
example, once it is known that the orthogonal projection P of {0,1) onto the L°°-unit ball is given by (3.4| 
one can characterize invariance of this set - which in turns in many relevant cases allows one to apply the 
interpolation theorem of Riesz-Thorin and hence to deduce well-posedness in all L^-spaces. In our case, this 
would amount to consider the part of Ay^K in an H, consider the associated form (whose form domain is simply 
D{Ay^K)) o,nd apply the Beurling-Deny criteria. Unfortunately, in our setting this program cannot generally 
be performed. To see this, observe that even in the simple case of K = and Y = C"^ it is possible to find 
functions (e.g., u{x) = — 2a; — 2, x Q [0, 1]) that belong to I?(^c2 g) but such that Pu = —1. Since however 
fioiiPu)") — —1 and Pu{l) — —1, we see that Pu ^ D(Ac2 q), hence the L°°-unit ball is not invariant under 

')t>o still extends to L^(0, 1)- spaces for some p ^ 2. 



-tAy 



This of course does not exclude the possibility that (e 

A major features of our semigroup approach, in particular in comparison with the (somehow related) method 
based on a Galerkin scheme, lies in the possibility to deduce optimal regularity results for the parabolic problem. 
For example it is known that due to analyticity the semigroup operators e^*'^^-"^ map H or Hi into D{Ayx) 
for all Y and K for all t > 0, hence in particular (at least for all Y ^ {0}^ and Y ^ {0} x C) they map L^{0, 1) 
into L°°(0, 1) and by the Dunford-Pettis theorem (see [1, § 7.3.1]) we deduce that the semigroup operators are 
integral operators associated with an L°°-kernel (but observe that the lack of control on the L°°-norm prevents us 
from obtaining more detailed information about this kernel, like ultracontractivity). Furthermore, the following 
holds. 
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Corollary 4.10. Let Y be a subspace of and K a 2 x 2-matrix with complex entries and let Uf) e H (if 
Y — {0}^ or Y — {0} X C) or uq € Hi (otherwise). Then the unique solution u to the initial value problem 
associated with (4.12)-(4.13)-(4.14) satisfies u{t,-) € C°°([0, 1]) and moreover u and its derivatives fulfill the 
non-local boundary conditions 

^ ' ^ ^ ' ^ ley for all he hi* 



y^'^-^\t,l)-u<^^'^-'\t,0)-u^^'^-'\t,0)J'y u(2'')(i,0)-zi(2")(i,l) '^^^ forallheM*, 

for all t > 0. 

For example, for Y = {0} x C and K = this amounts to saying that u{t, ■) and all its derivatives fulfill 
periodic boundary conditions. 



,u(2'.-2)(i^ 1) _ u(2''-2)(t, 0) - u(2/.-l)(i^0) 

along with 



Proof. In a way similar to Lemma |3.8| it can be proved that 

DiAl^K) = {u e H^{0, 1) : Tiu, Tiu" e Y and KTiu - Tsu, i^Fiu" - Taw" G y-^}, 
and we can prove by induction that in fact for all h e M 

D{A'i-ji) ^{ue ij2''-i(0, 1) : riu(2'«) e Y and XFiu^^'^) - Tau^^'') G V/t < /i}, 
hence in particular 

Pi D{A\.k) ^{ue C°°([0, 1]) : Tiut^'i) e Y and iiTriwt^'i) - Taw^^'') eY^'ihe N}. 
Observe that for ueH^{Q,l) 

and moreover 



Tiu" = 



u'(l) - u'(0) + u(l) 
u(0) - m(1) 

u'(l)-u'(0) 
w(1)-u(0)-m'(0) 



along with 



12^^ - w"(0)-ii"(l) j '^"^^ 

if u e i?^(0, 1). 



_it(3)(0) 

u"(0) - u"{l) 

Reasoning similarly we can prove by induction that in fact for u G C°°([0, 1]) 

J. (2H)_( U(2h-l)(i)_^(2.-l)(0) X /^(2'«+l)(l)-^,(2'^+l)(0)+^(2h)(l) 

^1" - (^u(2'>-2) (1) _ ^i(2/.-2) (0) _ ^(2/.-l) J , i 2W - ^(2,,) (q) _ ^(2h) (^^ 

for all /i G N*. This concludes the proof, since it is well-known that an analytic semigroup maps immediately 
into the domain of any power of its generator. □ 

5. Spectral analysis 

Recalling that Ay^k has compact resolvent (due to the compact embedding of i^(0, 1) into H^^{T)) and that 
Ay,k is self-adjoint if K is hcrmitian, we promptly obtain the following. 

Lemma 5.1. Let Y be a susbpace of C2 and let K he a 2 x 2-matrix. Then the operator Ay.k has pure point 
spectrum, which lies in 'R if K is hermitian. 

In view of this Lemma, if K is hcrmitian we denote by \\ ^ ki ^ ^ eigenvalues of Ay.k enumerated 

in increasing order. 

In this section we will describe the spectrum of the operator Ay,k foi' all possible subspaces Y and when K 
is hermitian, obtaining in particular in all cases a Weyl-type asymptotic result. While we do not discuss the 
dependence of the spectrum with respect to the variation of the subspaces Y , the spaces Y = {0}2 and y = C2 
represent in fact the extremal cases, in the following sense. 



HEAT AND WAVE EQUATIONS WITH NON-LOCAL CONDITIONS 



21 



Proposition 5.2. Let Yi,i2 be subspaces of and let Ki,K2 he hermitian 2 x 2-matrices. Denote by Ay^^Xi 
and Ay2,K2 ihe operators associated with the form with domain Vy^ and with the form a^^ with domain Vy^, 
respectively. If Y2 is a suhspace of Yi and the matrix K2 — Ki is positive semidefinite, then 

Al-i.Ki^fc < >^Y,,K,,k, Vfc e N. 

Proof. The assertions is a direct consequence of the Courant -Fischer minimax theorem, since the operators 
Ay^ Kn Ay.^^K2 E^rc sslf-adjoint on Hilbert spaces [H or Hi) that are endowed with the same norm and moreover 
Vy^ is a subspace of Vy^ under the above assumptions. □ 

Combining the previous results we can slightly improve the assertion on exponential stability of (e"*^'^-^] 
contained in Proposition |4.5[ under the assumption that K is just positive semidefinite. 



Remark 5.3. Here and in the following of this section we repeatedly use the fact that eigenfunctions of Ay,K 
are by a standard bootstrap argument in D^Ayj^), hence in H^{Q, 1) by Lemma 3.8 (or its natural pendant, in 



the setting of Section^. By Remark 2.6 we can hence regard them as solutions of the more usual eigenvalue 
problem 

-u" = \\^K,kU- 

Corollary 5.4. Let Y be any subspace of£? and K be hermitian and positive semidefinite. Then each eigenvalue 
of Ay^K is strictly positive, and in particular the semigroup (e^*'*^'^)t>o is uniformly exponentially stable. 

Proof. Combining Lemma 5.1 and Proposition 5.2 we deduce that for any 1-dimensional subspace Y of the 
/jth eigenvalue of Ay^K is always contained in the interval 

v2 \2 1 _ r\2 \2 



(Observe that, in view of Theorem 4.3 A^q^ j^ — ^{Qp In fact, letting K be positive semidefinite we deduce 



again from Proposition |5.2| - that 

Hence, it suffices to show that all eigenvalues of ^c^.o a-re strictly positive. First of all, observe that ^^2.0 is 
accretive, hence all its eigenvalues are positive. To show that is not an eigenvalue, and hence that X^2 q > 0, 
take u such that A£2 qu = u" = 0, i.e., 

u{x) :^ ax + b, x G (0, 1), 

for some a,b <E C. Observe that 

fio{u") + u{l) = a + b and u{0) — u{l) = —a. 

If we impose that (/io(u") + u(l),u(0) — w(l)) = (0,0), then clearly a = b = 0, i.e., u = 0. This concludes the 
proof. □ 

5.1. The case of operators acting on zero mean functions. Here we first look for the eigenvalues and the 
eigenvectors of the operator {A, D{A)) introduced in Theorem 3.1 which corresponds to the choice Y — {0}^ (of 
course, K does not play any role in this case). More precisely we prove the next result: 

Theorem 5.5. The number X^, with A G R*, is an eigenvalue of (A, D(A)) if and only if X is the root of 

(5.1) i:)(A) = AsinA + 2cosA - 2 = 0. 

Each eigenvalue is simple and its associated eigenspace is spanned by the function 

X !-> (sin A — A) cos(Aa;) + (1 — cos A) sin(Ax). 

Here and in the following we restrict ourselves to the self-adjoint case, hence we can always assume A to be 
real. Let A € R and u e D{A) be such that 

Au = A^u. 



Theorem 3.1 (and, for later purposes, also its analogues Theorem 3.3 and Theorem 4.3) yields 

u" = -X\. 



By Corollary 5.4 A 7^ 0, and therefore u is of the form 

u{x) — c\ cos(Aa;) + c^ sin(Ax), 
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for some real numbers Ci and C2. By direct computations we see that 



1 



fioiu) = I M(a;) = — (ci sin A + (1 — cos A)c2), 



and 



1 1 



fii (u) = I (1 — x)u{x) dx — ^ ((1 ~ cos A)ci + (A — sin A)c2) . 



For the sake of later reference we also observe that 

u{l) = ci cos A + C2 sinA, 
-u(O) = ci, 

— — Aci sin A + Ac2 cos A, 
u'(0) = Ac2, 

so that 
while 

„ ^/^\ fci\ /AsinA — cosA A(l — cos A) — sin A\ /ci 
(5.3) T2U ^ C(A) \ 1 . ( 

Vc2/ V cosA— 1 smA / Vc2 



where ri,r2 are the operators introduced in (4.2). 



Proof of Theorem \5.5\ We look for a solution of the previous differential equation that satisfies 

/•I 

u{x)dx— I {1 — x)u{x) dx = 0. 



Consequently we find the system 

B{X) (^'^ 



C2 VO 



where the 2 x 2-matrix B{\) is defined as in (5.2). Hence a non trivial solution exists if and only the determinant 
of B{X) is zero. This proves the first part of the theorem since this determinant is precisely equal to D{\). 

For the second part of the proof, it suffices to show that a root A of £> cannot be simultaneously a root of its 
derivative. Namely let A G R be a solution of 

D{\) = D'{X) = 0. 

Hence we find the system 

A sin A + 2 cos A - 2 

A cos A — sin A = 0. 

Plugging the second equation into the first one yields 

, 2 
cos A 



2 + A2' 

By the second equation and the trigonometric relation cos^ A + sin^ A = 1 we arrive at 

4(1 + A2) = (2 + A2)2, 

whose unique solution is A = 0. □ 
Corollary 5.6. Denote by X\, k G N*, the eigenvalue of A enumerated in increasing order. Then 

(5.4) A2fc = 2fc7r, VfceN*, 
while 

(5.5) A2fc_i = (2/c- l)7r + 0(fc"i), Vfc G N*. 
Consequently the Weyl-type asymptotics 

lim —Kt = 1. 
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holds. 

Proof. We directly check that 2kTT, with /c e N* is a solution of (5.1). For the other roots, we notice that (5.11 
is then equivalent to 

2 

sin A + — (cos A — 1) =0 
A 

or 

/oo(A)+r(A) =0, 

where 

foo{z) = sinz 

is analytic and the remainder r{z) = ^(™'^^~^) jg ^jgo analytic (except at z = 0) and satisfies 



\r{z)\ < 



V|z|^0. 



We prove (5.5) by applying Rouche's theorem in the ball Bk — Bkikn, tk) where < Cfc < 1 will be fixed later 
on. We first minorize |/oo(-z)| on dB^. By trigonometric formula, we check that 

|/oo(A:^ + efce'*)P = |/oo(efce")|2 

= |sin(efee**)|2 

= cosh^ (ej. sin t) — cos^ (e^ cos t) . 

Hence we have 



\fao[kiT + efce**)p > cosh(efc sint) — cos(efe cost). 



Using the inequalities 



we obtain 



On the other hand 



cosh(x) > 1 + — and cos(x) < 1 - — + — , Vxe[0, 1], 



|/o.(2fc. + e.e^*)r > \el - ^^cos^^ > \el ^4 > ^4- 



|r(fc7r + efce")| < 



kn — 1 



C 



Hence we take e/c = -ti with C chosen such that 
k 



'11 4 



Vfc > 1. 



In conclusion for all A: > 1 and 



with C > fixed above we have 



|r(z)| < |/o,(z)|, Vzeai?fc. 
According to Rouche's theorem, for k large enough / admits a unique root in the ball 5^, since f^o has this 



property. This proves (5.5) 



Weyl's formula is a direct consequence of (5.4) and (5.5) 



□ 



Remark 5.7. Using a Taylor expansion of higher order, we can even show that 

1 



\2k-i = (2fc-l)7r 



4(2/c ~ 1)tt 



+ 0{k-'), VfceN* 



24 



DELIO MUGNOLO AND SERGE NICAISE 



5.2. The general case. In this section we will pursue a similar programme. In fact, in spite of its broader 
generality (and of some technical difficulties), the case of operators that are not subject to both conditions 
A*o = A*i = can be discussed in essentially the same way. If we are imposing integral conditions associated with 
a general subspace Y and a general hermitian matrix K instead, then by Theorem 4.3 we know that the relevant 
conditions are 

PY±riu = Q and Py{KTiu - T2U) = 0, 



or rather, taking into account (5.2) and (5.3), 



Py^M{\)B{X) \ ci 
Py{KM{X)B{\)~C{\))) \c2 

Since an eigenvalue corresponds to a non-trivial solution {01,02) of this linear system, we directly obtain the 
following - of which Theorem |5. 5 1 is a special case. 



Theorem 5.8. Let K he a hermitian 2 x 2-matrix and Y be a subspace of . A number A € R* is such that 
is an eigenvalue of Ay^k if and only if the 4 x 2-matrix 

f Py^M{X)B{X) 
\Py{KM{\)B{\)-C{\))^ 

does not have maximal rank. 

Remark 5.9. Of course, in our setting the space Y can only have dimension 0, 1 or 2. Therefore, the condition 



Theorem 5.8 can he specialised in an easy way. If (i\mY = this yields exactly (5.1), whereas the following 



holds in the remaining cases. 

(1) In the special case ofY — , the condition in Theorem 5.8 simplifies to requiring that X be a root of the 
equation 

Dk{\) det {KM{X)B{X) - C(A)) = 0. 

(2) Similarly, if Y is spanned by {x,y) with x,y E C such that \x\'^ + jyp = 1, then 



Consequently, 
if and only if 



PyQ-O (resp. Py. r) ^ 0) 



(resp. i-y x) ■ (^] ^0). 



This characterization and Theorem 5.8 show that X is an eigenvalue of Ay.k if and only if 



i^f.\ n f {-y,x)M{X)B{X) \ 

Dy,k(X)- det [(^^^y)^KM(X)B{X)-C{X))) " 

Corollary 5.10. Let K be a hermitian 2 x 2-matrix. Recall that A^g Kk'^ ^ ^* ' denote the eigenvalues of 
^C^.K enumerated in increasing order. Then 

(5.7) Xc2^K,2k = '2kTT + 0{k^^) and Ac2,K,2fc-i = 2fc7r + 0(fc"5), Vfc G N*. 

Again, we deduce validity of the Weyl-type asymptotics 

,. ^C2,A',2fe , 

hm — , „ „ = 1. 

Proof. We closely follow the arguments of the proof of Corollary |5.6| By direct calculations we see that 

Dk{X) ^ 2A (1 - cos A + <7i(A)A-i + . . . + g4(A)A-^) , 
where the gi are finite linear combinations of 1, cos A, sin A, cos'^ A and cos A sin A. Hence 

DKi^k) = ^ fooiXk) + r(Afe) = 0, 
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where /oo(^) — 1 ^ cosz is analytic and the remainder r(z) = gi{z)z^^ + . . . + (74(2)2^'* is also analytic (except 
at z = 0) and there exists C > such that 

\r{z)\<^, V|z|^0. 



We again prove (5.7) by applying Rouche's theorem in the ball Bk — Bk{2kTT, ek) where < < 1 will be 
fixed later on. We first minorize 1/00(2) I on dB^. Applying trigonometric formulae we check that 

|/oo(2fc7r + efee^*)|2 = |/oo(efce^*)|2 

= |l-cos(efce^*)|2 

= (cosh(efe sint) — cos(efc cost))^. 

Hence we have 

\foo{kTT + efce'*)| > cosh(efe sini) — cos(efe cost), 

and as before we obtain 

\f^{2kn + eke^')\>^el. 
On the other hand there exists Ci > such that 

|r(2fc7r + efce")| < Vfc > 1. 

k 

C2 

Hence we take e^. = — , with C2 chosen such that 
k 

C2 

In conclusion for all > 1 and = — — with C2 > fixed above we have 

k 

Hz)\<\foo{z)l yzedBk. 

According to Rouche's theorem, for k large enough, / admits two roots in the ball Bk, since foo has the double 
root 2fc7r in this ball. This proves (5.7). 



As before, Weyl's formula is a direct consequence of (5.7). □ 

Remark 5.11. From the previous considerations, we see that the highest order term of the asymptotic of the 
eigenvalues does not depend on K , but lower order terms do. Indeed using a Taylor expansion of higher order 
we can even show that there exist two real numbers Ci and C'2 (depending on K) such that 

Ac^K,2fe-i-2fc7r+^ + 0(fc-i), Ac2,K,2fe = 2A:^+^+0(fc-i), Vfc e N*. 

Corollary 5.12. Let Y be a subspace of £? , Y 7^ {0}^ and Y 7^ C^. We distinguish the following cases: 
(i) IfY is spanned by (0,1), then (cf. (5.7)^ 

(5.8) Ay,K,2fe = 2A:7r + 0(fc"5) and Ay^^^afc-i = Sfcyr + ©(/c^s ), Vfc G N*. 
(ii) IfY is spanned by (l,a) with a G C. then 

(5.9) XY,K,k^kT: + 0{k-^), Vfc G N*. 
In either case, we again deduce validity of the Weyl-type asymptotics 

lim = 1. 



Proof. In view of (5.2) and i5.3l, we see that 



, - -\Kj^\\nr\\ 1/ - -\ f AsinA A(l-cosA)\ 

i-yx)M{mX) = -i-y x)^^_^^^^ A-sinA j 



2 (— J/A sin A + a;(l — cos A) — y\{l — cos A) + a;(A — sin A)) 



1 

A 

-7t(— yAsin A + x(l — cos A) A(a; — y(l — cos A)) — a; sin A) 
A^ 
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while 

{x y)KM{\)B{\)~C{\) = {x y) 



A2 



{x y) 



1 

A2 

1 

A2 



^sinA+ ^(1 -cosA) ^(1 - cos A) + ^(A-sinA) 
sin A + ^(1 - cos A) ^(1 - cos A) + ^(A - sin A) 

^A sin A — cos A A(l — cos A) — sin A 
cos A — 1 sin A 

/ciiA sin A + fci2(l — cos A) fciiA(l — cos A) + fci2(A — sin A) 
A;2iA sin A + ^22(1 — cos A) fc2iA(l — cos A) + fc22(A — sin A) 

A^ sin A — A^ cos A A^(l — cosA) — A^sinA 
A2(cosA-1) A^sinA 

-^(A^sinA - A^cosA) + yA2(l - cos A) + gi(A) 
-a;A^(l — cos A) + xA^ sin A — sin A + (72 (A) 

-x\^ sin A + \^{x cos A + y(l — cos A)) + qi{\) 
'xX^{l - cos A) + A^ sin A(i ~ y) + g2(A) 



where qi{\) is a polynomial in A of degree < 1 with coefBcients which are finite linear combinations of 1, cos A, 



sin A, cos^ A. Therefore by (5.6) we obtain that 
1 



rdet 



—y\ sin A + a;(l — cos A) A(a; — y{l — cos A)) — a; sin A 

A''""" \^-xA^ sin A + \^{xcoii\ + y{l - cos A)) + gi(A) -xA^(l - cos A) + A^ sin A(x - y) + '72(A)) 

= lEsinA + 2A~\y^ - xy - S^)(l - cos A) + 5r2(A)A"^ + . . . + 54(A)A~'', 

where the gi are finite linear combinations of 1, cos A, sin A, cos^ A, and cos A sin A. 

Hence the arguments in the proof of Corollary |5.10| yield the conclusion by dividing the cases x = and 
x^Q. □ 

Remark 5.13. Observe that the Weyl-type formula from the previous Corollary is also a consequence of the com- 



parison principle of Proposition 5.2 and Corollaries 5.6 and 5.10 On the other hand formulas (5.8| and (5.91 



(that cannot be deduced from the comparison principle) are more precise than the Weyl formula. As in Re- 
mark \5.11\ the highest order term of the eigenvalue asymptotics does not depend on K, but lower order terms 
do. 



6. Dynamic integral conditions 

We conclude our article by discussing a different situation. We complement the heat or wave equations with 
the condition 

''^f 1 € y, t > 0, 

vMi(w(i)), 

along with the dynamic-type one 



(6.1) 



1 __p (tio{u"{1^)+u{t,l)\ (Mt)) 

dtWi{u{t)) - u{t,Q)-u{t,l) U(u(t)) 



t > 0, 



for some subspace Y of and some 2 x 2-matrix K. 

An educated guess suggests to consider the same sesquilinear form a a- defined in (4.7), this time with form 
domain 



eVyxY 



:u€Vy 



for some 2 x 2-matrix K with complex entries. In fact, the following holds, where we are using the spaces H, Hi 
introduced in Section [2] and Section |4] respectively. We write 

n:= Hix 

and denote by(-|-)^ the canonical inner product of the Hilbert product space i.e., 

(u|v)« iu\v)H, + mk^, Vu = W ,v = e n. 
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Lemma 6.1. Let Y be a subspace of . Then the closure ofVy in H is 

H xY, ifY = {Oy or r = {0} X C 

and 

y^^T^ e ^1 X ^ : 2/0 = Aio(.9)| , othc. 
We will denote in either case by Hy the closure of Vy . We will also write 



:= 



H, if r = {0} X C, 

Hi, otherwise. 



Proof. The proof is performed by first considering separately the cases where y is a Cartesian product. 
1) Let us first consider the case oi Y = {0}^ or Y = {0} x C. Then the assertion can be proved letting 

L:=ri, Xi-.^Vy, X^-.^H, Yi=Y2 = Y. 



Observe that L : — >■ F is a bounded and (by Remark 4.1 ) surjective operator. If we show that 

kerL = {g e Vy : Md) = ^^1(5) = 0} = V 

is dense in X2 — H, the claim will actually follow directly from [2SJ Lemma 5.6]. But this is exactly the assertion 
of CoroUarylZSl 

2) Let us now consider the case of y = C x {0} or F = C'^. This time, the assertion can be proved applying pSl 
Lemma 5.6] with 

L:Vy3 (^^^ ^ ni{g) £ C. 

and 

Xi:^\y, X2:=Hi, ^ = Fa = {0} or = C, 

respectively, where 

Vy := I (^] eVYxC:yo = /io(<?)| ^ Vy, Hi := | (^] G 1 x C : yo = /io(<?)| ^ H^. 



The identifications are performed with respect to the isomorphism 
In fact, Vy can be written as 

Vy = (( 

and we also have that 



Vy = I ] eVy xC : Lx = y 



Also in this setting L is a bounded and surjective operator, and moreover 



(^^^J e L^{0, 1) X C : - Mg), = o| ~ t/cx{o} 



ker L — 

is dense in X2 — Hi by Theorem |4.2[ 

3) Finally, let Y be the subspace spanned by a vector for some a 7^ 0. Then 

iyJy,y)^HixY:yo^M9)] = { ((^ O G x : ,0 ^ Mo(5), 2/i = «2/o 



.9 
2/0 
Hi 



e Hi X C : yo ^ y.o{g) 
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whereas with the notation introduced in 2 

Vy = 



eVy xC^ : Tiiu) = (t>eY 

G Vy X C : La; = 
Vy- 



Since Vy is dense in Hi, the claim foUows. 

As in the previous sections we obtain the following. 



□ 



Proposition 6.2. Let Y he a subspace of and let K be a 2 x 2-matrix. The form ok with domain Vy is 
bounded and elliptic. It satisfies the Crouzeix condition. It is coercive (resp., accretive) if both eigenvalues of K 
have strictly positive (resp., positive) real part. It is symmetric if K is hermitian. 

Therefore, the operator —Ay,k associated with the form generates a cosine operator function with phase space 
Vy X T-Ly and hence an analytic semigroup (e-*-^^-^)t>o of angle f onHy. This semigroup is immediately of 
trace class, and it is exponentially stable if both eigenvalues of K have strictly positive real part. 

Remark 6.3. Let Y be a subspace of £? and let K be a hermitian 2 x 2-matrix. Then both operators Ay x md 
Ay^K o-TC self-adjoint, and it follows by a direct application of Courant's minimax formula that for all k ^ M the 
k^^ eigenvalue of Ay^K is at least as large as the k^^ eigenvalue of Ay.K- 

Hence, it only remains to identify the operator Ay^K- If 1" — {0}^, then it is apparent that the above conditions 
reduce to those in (3.1), which have already been fully discussed in Section [sj Otherwise, the following holds. 

Theorem 6.4. Let Y be a subspace of , Y ^ {0}^, and let K be a 2 x 2-matrix. Then the operator matrix 
Ay.K associated with the form ok with domain Vy is given by 



D{Ay,K) = e Vy :7.eifi(0,i)|. 



A 



-Id-i^-<5ic(-) 



Y.K 



Py 




where c : 11^(0, 1) — >■ C is a bounded linear functional defined by 
(6.2) 




KTiu 



u{l) 
u{0) - u{l) 



z/r = {o}xc2, 

otherwise. 



IC2 



eVy :uGi?l(0,l)| 



Let us first show that D{Ay^K) C /C2. Let f e D{Ay^K)- Then f G Vy and there exists 



g = 



with g = and y € Y (satisfying in particular 



yo 



e -Hi 



iJ-oig)- 



if r 7^ {0} X C) such that 

(6.3) if\h)L2 + {KTJ\Tih)c2 =: aA'(f , h) = (g|h)«. 



/ {Pg){x){Ph)ix) dx + {y\Tih)c2 + M9)Mh) 
Jo 



for all h = 
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e Vy. Because g e H^^{T), by Remark 2.10 (6) we can consider P{Pg) that belongs to 



H^{T), and hence integration by parts yields 



{Pg){x){Ph){x) dx 



{P{Pg)y{x){Ph){x)dx 



= - ( {P{Pg)){x)h{x)dx + [PPg{Ph)]l yheVy. 
Jo 



Plugging this into (6.3) yields 



if\h)L2 = {~PiPg)+p\h)L2, yheVy, 

where p is a polynomial of degree < 1. Therefore 

(6.4) / = (/ - n)(-P(P.g) + p) = ~P(Pg) + UPiPg) 

and proves that / belongs to H^{0, 1) and that Ay^k] = ,9 = in the distributional sense (i.e., as an identity 



of elements of I?'(0, 1)). Because g + Id^^(/") G kerldm, it follows from Lemma 

5 = -Id,-i(/")-c(/)5i, 

where c(/) = -fio{g)- 



2.4 



that 



(6.5) 



We still have to prove that c(/) agrees with the expression defined in (6.2) and also that y agrees with 

ff{i) + cify 



z:=Py[ KTif 



V/(o)-/(i) 



One can see just like in the proof of Theorem 4.3 that c(/) satisfies 
(6.6) 



A/(l)+c(/) 

U(o)-/(i) 



Tih] =0, yheVy. 



Hence by the surjectivity of the mapping Fi, we deduce that 



Py KT 



1/ y+[f^o).f^i)) 



(6.7) 

which directly yields z = y. 

We finally need to show that c(/) defined by (6.6 1 coincides with the one in (6.2 1. In the case of y = {0} x C, 
we directly have Hoig) = 0, hence c(/) = 0. It then remains to consider the case Y ^ {0} x C. But in that case, 
by definition of c(/) one has 



c(/) 



Py KTif 



= -[Py{ KTif 



/(I) 

/(o)-/(i) 

/^/(l)+c(/) 

U(o)-/(i) 



c{f)[P^ 



y 



Moreover, because the first coordinates of Fi^ and y coincide, we also deduce that z and y agree, as in the one- 
dimensional space Y the first coordinate uniquely determines the second one. Observe that we have in particular 
proved that Ay.k^ is a well-defined element of Hy- 

Conversely, in order to prove that IC2 C D{Ay.k) take 



/ 

ri/ 



h 



e Vy- 



Then we can take g G H^, given by 



-id-,\f")~cim 
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and z e y as in (6.5 1. We have to prove that 



A 



Y,KI — 



By Lemma 



2.13 



we find that for aU h G L'^{0, 1) 
i9\h)H-^T) = 



{f\h) 



L2- 



C2 



But taking h g Vy and using ( |6.5[ ) allow to transform the first term of this right-hand side and to obtain 

{9\h)H-^m = (KT^f - z\Tih)^, + if\h)L2, yh e Vy. 
Since this identity is equivalent to 

{9\h)H-HT) + {z\ri{h))c2 = {Kr^{f)\T,{h))c. + {f\h)L2 = aK{i, h), V/i S Vy, 
we have shown that f belongs to D{Ay.k) and that Ay,k{ has the claimed form. □ 

Reasoning as in Theorem |4.6| we see that whenever 



u 
Tiu 



e DiAY,K) 



with u e H^{0, 1), then Ay,k acts on its first component as the second derivative. Accordingly, we have the 
following. 

Corollary 6.5. Let K be hermitian and Y be a subspace of . Then the semigroup (e^*"^^-^ )j>o on Hy leaves 
Vy invariant and its restriction is a semigroup on Vy that is analytic of angle ^ and immediately of trace class. 
Its generator is the part Ay^ of Ay.k in Vy, which is explicitly given by 



DiAX"" 



e D{Ay.,k) ■■ u e i?^(0,l) 



A 



Y,K 







^PYiKTi+T2) Oy 

Now, by standard perturbation results one may deduce that in fact our heat equation is governed by an 
analytic semigroup on 'Hy even if we replace (6.1 ) by the more general condition 

d 



_ >o("(<)) 
dt UiHt)) 



-Qu{t), 



t > 0, 



for any bounded linear operator Q : H^{0, 1) Y. 

Corollary 6.6. Let Y be a subspace of , Y ^ {0}'^. Let R be a bounded linear operator on and Q be 

• an arbitrary bounded linear operator from H^{0, 1) to Y , ifY = {0} x C; or else 

• an arbitrary bounded linear operator from H^{0, 1) to Y such that 



Qu 

ifY^{Q) X C. 
Then the operator matrix 

D{B) 
B 

generates an analytic semigroup on Hy- 



eVy :uei/i(0,i)L 



-U-'£, + R 
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Proof. It suffices to write B as 

B = Ay.k+Bo+Bi, 
where Bo : D{Ay,k) — > T^y is the relatively compact operator defined by 

Sic{u) 

TiuJ 1 -Py { KTiu 



u{0) - u{l)^ 



and Bi is a bounded linear operator on Hy defined by 

'R 



Bi 







Now, Q has finite dimensional range and hence Bi is relatively compact. Accordingly, it suffices to apply a 
well-known perturbation result |18) to conclude. □ 

Remark 6.7. In the literature, inhomogeneous integral conditions of the form 
.1 .1 

u{t,x) dx = Ei{t), / {1 ~ x)u{t,x) dx = E2{t), < > 0, 

^0 

are often considered. Reasoning as in the proof of Lemma \3.8\ we see that the first coordinate of any element 
of D{Ay) lies in particular in H^{0, 1), hence the semigroup generated by Ay maps immediately into functions 



whose first coordinate does not only satisfy the generalized heat equation (3.3), but also the classical one. In 
view of the known semigroup approach to evolution equations with inhomogeneous conditions (see e.g. |31 §6.2]j, 
Corollary \6.()\ allows us to consider general inhomogenous conditions of the form 

PY±Ti{u{t)) ^ E{t), t>0, 



along with (4.13) for the inhomogeneous heat equation 



du d'^u 

— {t,x)^^{t,x) + ^{t), i >0, a;e (0,1), 

and to prove well-posedness of the associated evolution equation, provided some smoothness of the time dependence 
of->Jj,E is assumed (ijj G L^{R+,H^),E G T/F^'^(IR+, F-'-) will do for a mild solution, and tJj G W^_;^R+, H^), E G 



M^^'^(1R+, y^) will even yield a classical solution, cf. |23l §3]J. In fact, in view of Corollary 5.4 the operator 
Ay,k is invertible as long as K is positive semidefinite and therefore we can even write down an explicit formula 
for the solution (in dependence of the semigroup generated by Ayji), cf. [53, Prop. 3.9]. 
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